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1. Introduction
In this paper we generalize recent results describing exact solutions of the (0+1)-
dimensional Boltzmann equation treated in the relaxation time approximation [1] by
taking into account the effects of quantum statistics. As have been pointed out
before [2, 3], such effects are trivial for the gas of massless particles. However, for
the massive gas studied here, the effects of quantum statistics lead to interesting
consequences — they influence the form of the kinetic coefficients, and affect the time
dynamics of the bulk viscous pressure.
The exact solutions of the Boltzmann equation are very useful for selection of the
proper form of the kinetic coefficients [2, 3] and also for the selection of the right structure
of the hydrodynamic equations [2, 3, 4, 5, 6, 7, 8]. The latter usually represent the
approximate description of the non-equilibrium systems that should be analyzed more
thoroughly within the kinetic-theory framework. In particular, the recent studies based
on the exact solutions of the Boltzmann equations [9, 10] revealed the importance of
the shear-bulk couplings in the hydrodynamic approach [11]. The proper description of
the bulk pressure is important as it may affect different physical observables studied in
relativistic heavy-ion collisions, as has been recently pointed out in Refs. [12, 13, 14].
2. The Boltzmann equation in relaxation time approximation
Our considerations are based on the relativistic Boltzmann equation
pµ∂µf(x, p) = C[f(x, p)] , (1)
where f(x, p) is the distribution function, and C is the collision kernel treated in the
relaxation time approximation (RTA) [15, 16]
C[f ] = −pµu
µ
τeq
(f − feq). (2)
Here τeq is the relaxation time, while u
µ is the flow velocity of matter. The (background)
equilibrium distribution function feq has the form
feq =
2
(2pi)3
[
exp
(
pµu
µ
T
)
− 
]−1
, (3)
where the factor  = 1 ( = −1) corresponds to the Bose-Einstein (Fermi-Dirac)
statistics. In the limit  → 0 we reproduce an earlier studied case of the classical
Boltzmann statistics [1]. We note that the factor of two in Eq. (3) accounts for spin
degeneracy. The effective temperature T appearing in (3) is obtained from the Landau
matching which requires that the energy density obtained with the distribution function
f is the same as the energy density obtained with the equilibrium distribution feq. Only
if the system is close to equilibrium, the effective temperature T can be interpreted as
the genuine temperature of the system. In more general cases T should be treated as an
alternative measure of the energy density. We also note that the use of Eqs. (1)–(3) has
been motivated by other studies, see e.g. Refs. [16, 17, 18, 19, 20, 21, 22] where RTA
was applied to calculate the transport properties of relativistic fluids.
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2.1. Equilibrium thermodynamic functions
For massive particles obeying Bose-Einstein or Fermi-Dirac statistics, the equilibrium
particle density, entropy density, energy density, and pressure can be expressed as the
series of the modified Bessel functions Kn [23], namely
Neq(T ) = g0
pi2
Tm2 
∞∑
κ=1
κ
κ
K2
(
m
T
κ
)
, (4)
Seq(T ) = g0
pi2
m2 
∞∑
κ=1
κ
κ2
[
4TK2
(
m
T
κ
)
+mκK1
(
m
T
κ
)]
, (5)
Eeq(T ) = g0Tm
2
pi2

∞∑
κ=1
κ
κ2
[
3TK2
(
m
T
κ
)
+mκK1
(
m
T
κ
)]
, (6)
Peq(T ) = g0
pi2
T 2m2 
∞∑
κ=1
κ
κ2
K2
(
m
T
κ
)
, (7)
where g0 accounts for all internal degrees of freedom different from spin. We stress
that the parameter , which specifies the quantum statistics, will appear implicitly
in the formalism. All physical observables are calculated for three possible options:
 = +1,−1, 0. For brevity of notation, however, we do not use the label  to distinguish
between different versions of the functions appearing in the calculations.
Alternatively, one can show that the equilibrium energy density and pressure may
be expressed by the equations
Eeq(T ) = g0T
4
2pi2
H˜2
(
1,
m
T
)
, (8)
Peq(T ) = g0
3pi2
T 4M
(
m
T
)
. (9)
Here the function H˜2(y, z) is defined by the integral
H˜2(y, z) =
∞∫
0
du u3H2
(
y,
z
u
) [
exp
(√
u2 + z2
)
− 
]−1
, (10)
where H2(y, ζ) is given by Eq. (24) in [1]. In the special case, where the first argument
of H2 is equal to unity, as needed in Eq. (8), we have H2 (1, ζ) = 2
√
1 + ζ2. The function
M(z), needed to evaluate the equilibrium pressure in Eq. (9), is defined as the integral
M(z) = z4
∞∫
0
du sinh4 u [exp(z coshu)− ]−1 . (11)
2.2. Boost-invariant variables
Similarly to Ref. [1], herein we consider the case of a transversely homogeneous boost-
invariant system — all scalar functions of space and time depend only on the proper time
τ =
√
t2 − z2, while the flow has the Bjorken form, uµ = (t/τ, 0, 0, z/τ) [24]. The phase-
space distribution functions transform also as scalars under Lorentz transformations,
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implying that f(x, p) may depend only on τ , w, and ~pT with w = tpL − zE [25, 26].
Using w and pL one can define another boost-invariant variable, namely
v(τ, w, pT ) = Et− pLz =
√
w2 + (m2 + ~p 2T ) τ
2 . (12)
The energy and longitudinal momentum of a particle is obtained from the inverse
transformations: E = p0 = (vt + wz)/τ 2, and pL = (wt + vz)/τ
2. The boost-invariant
measure in the momentum space is defined as
dP = 2 d4p δ
(
p2 −m2
)
θ(p0) = d2pT
dpL
p0
= d2pT
dw
v
. (13)
With the help of the boost-invariant variables introduced above, we rewrite the kinetic
equation (1) as
∂f
∂τ
=
feq − f
τeq
, (14)
where the equilibrium function (3) takes now the following quantum-statistics dependent
form
feq(τ, w, pT ) =
2
(2pi)3
exp

√
w2 + (m2 + p2T ) τ
2
T (τ)τ
− 

−1
. (15)
Similarly to our previous studies, we assume that f(τ, w, ~pT ) is an even function of w,
and depends only on |~pT |.
2.3. Energy-momentum conservation
The energy-momentum tensor is the second moment of the phase-space distribution
function. It can be written in the form [27, 28]
T µν = (E + PT )uµuν − PTgµν + (PL − PT )zµzν , (16)
where the energy density E , the longitudinal pressure PL, and the transverse pressure
PT , are obtained from the integrals
E(τ) = g0
τ 2
∫
dP v2 f(τ, w, pT ) , (17)
PL(τ) = g0
τ 2
∫
dP w2 f(τ, w, pT ) (18)
PT (τ) = g0
2
∫
dP p2T f(τ, w, pT ) , (19)
and zµ = (z/τ, 0, 0, t/τ). In our case, the energy-momentum conservation law requires
that dE/dτ = −(E + PL)/τ . We note that the energy-momentum tensor (16) has
the structure typical for a momentum-space anisotropic system [27, 28]. The energy
conservation equation is satisfied if the energy densities calculated with f and feq are
equal, which leads to the Landau matching condition
E(τ) = g0
τ 2
∫
dP v2 f(τ, w, pT ) =
g0
τ 2
∫
dP v2 feq(τ, w, pT ) =
g0T
4
2pi2
H˜2
(
1,
m
T
)
. (20)
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3. Solutions of kinetic equation
3.1. General form of solutions
The general solutions of Eq. (14) have been found in Refs. [2, 3, 29, 30, 31, 32] and read
f(τ, w, pT ) = D(τ, τ0)f0(w, pT ) +
∫ τ
τ0
dτ ′
τeq(τ ′)
D(τ, τ ′) feq(τ ′, w, pT ) , (21)
where D(τ2, τ1) is the damping function
D(τ2, τ1) = exp
[
−
∫ τ2
τ1
dτ ′′
τeq(τ ′′)
]
. (22)
In this paper, we use the initial conditions set at τ = τ0. The initial distribution function
f is introduced in Romatschke-Strickland (RS) form with an underlying Bose-Einstein
or Fermi-Dirac distribution as the isotropic distribution [33]
f0(w, pT ) =
2
(2pi)3
exp

√
(p · u)2 + ξ0(p · z)2
Λ0
− 

−1
=
1
4pi3
exp

√
(1 + ξ0)w2 + (m2 + p2T )τ
2
0
Λ0τ0
− 

−1
. (23)
This form simplifies to an equilibrium Bose-Einstein or Fermi-Dirac distribution if the
anisotropy parameter ξ0 is zero, in which case the transverse momentum scale Λ0 can
be identified with the system’s initial temperature T0.
3.2. Dynamical Landau matching
We multiply Eqs. (15) and (23) by g0v
2/τ 2, and integrate over momentum to get
g0
τ 2
∫
dP v2 feq(τ
′, w, pT ) =
g0T
4(τ ′)
2pi2
H˜2
[
τ ′
τ
,
m
T (τ ′)
]
, (24)
g0
τ 2
∫
dP v2 f0(w, pT ) =
g0Λ
4
0
2pi2
H˜2
[
τ0
τ
√
1 + ξ0
,
m
Λ0
]
. (25)
In the next step, from Eqs. (20), (21), (24), and (25) we obtain our main equation
T 4(τ)H˜2
[
1,
m
T (τ)
]
(26)
= D(τ, τ0)Λ
4
0H˜2
[
τ0
τ
√
1 + ξ0
,
m
Λ0
]
+
τ∫
τ0
dτ ′
τeq
D(τ, τ ′)T 4(τ ′)H˜2
[
τ ′
τ
,
m
T (τ ′)
]
.
The integral equation for T (τ) is solved with the iterative method [34]. We note that the
form of Eqs. (24)–(26) is the same as that found previously in the case of the Boltzmann
statistics. The only difference resides in the implicit dependence of the functions feq,
f0, and H˜2 on the quantum statistics parameter .
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3.3. Transverse and longitudinal pressures
The degree of a system’s equilibration can be obtained by comparing its transverse and
longitudinal pressures. The transverse pressure is obtained from the formula
PT (τ) = g0
4pi2
D(τ, τ0)Λ
4
0H˜2T
[
τ0
τ
√
1 + ξ0
,
m
Λ0
]
+
g0
4pi2
τ∫
τ0
dτ ′
τeq
D(τ, τ ′)T 4(τ ′)H˜2T
[
τ ′
τ
,
m
T (τ ′)
]
, (27)
where
H˜2T (y, z) =
∞∫
0
du u3H2T
(
y,
z
u
) [
exp
(√
u2 + z2
)
− 
]−1
(28)
with the function H2T (y, ζ) defined by Eq. (30) in Ref. [1]. Similarly, the longitudinal
pressure is obtained from
PL(τ) = g0
2pi2
D(τ, τ0)Λ
4
0H˜2L
[
τ0
τ
√
1 + ξ0
,
m
Λ0
]
+
g0
2pi2
τ∫
τ0
dτ ′
τeq
D(τ, τ ′)T 4(τ ′)H˜2L
[
τ ′
τ
,
m
T (τ ′)
]
, (29)
where the function H˜2L is defined by the integral
H˜2L(y, z) =
∞∫
0
du u3H2L
(
y,
z
u
) [
exp
(√
u2 + z2
)
− 
]−1
, (30)
and the function H2L(y, ζ) is defined by Eq. (35) in Ref. [1].
4. Shear and bulk viscosities of a relativistic quantum massive gas
To find the shear viscosity η for the Bose–Einstein and Fermi–Dirac gases, we use the
integral formula (see, for example, Ref. [20])
η(T ) =
2g0τeq
15T
∫ d3p
(2pi)3
p4
E2
feq(1 + feq). (31)
Using the exact solution of the Boltzmann equation, we determine the effective shear
viscosity from the equation
ηeff(τ) =
1
2
τ [PT (τ)− PL(τ)] . (32)
The form (32) follows from the structure of the energy-momentum tensor in boost-
invariant first-order viscous hydrodynamics. Therefore, one expects that the results
obtained using Eqs. (31) and (32) will agree only at late times, i.e., for τ  τeq, when the
system approaches equilibrium. We note, that to make a comparison between Eqs. (31)
and (32) one should include the time dependence of the effective temperature T in
Eq. (31), which follows directly from the Landau matching.
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Figure 1. (Color online) Effective temperature (two upper panels) and energy density
(two lower panels) vs. proper time τ , obtained with the initial condition T0 = 300 MeV
at τ0 = 0.5 fm/c, and with the equilibration time τeq = 0.5 fm/c. In the cases (a)
and (c) the initial system is isotropic (ξ0 = 0), while in the cases (b) and (d) the initial
system is highly oblate (ξ0 = 100). The mass used in the calculations is m = 300 MeV.
The dashed, solid, and dotted lines describe the results obtained for the Bose-Einstein
(B–E), Boltzmann (B) and Fermi-Dirac (F–D) statistics, respectively.
In the similar way we treat the bulk viscosity ζ. For a quantum massive gas, the
formula for the bulk viscosity is (see again Ref. [20])
ζ(T ) =
2g0τeq
3T
∫ d3p
(2pi)3
m2
E2
feq(1 + feq)
(
c2sE −
p2
3E
)
. (33)
The effective bulk viscosity is obtained from the exact solution as
ζeff(τ) = −1
3
τ [PL(τ) + 2PT (τ)− 3Peq(τ)] . (34)
The sound velocity appearing in Eq. (33) is obtained from the formula c2s(T ) =
∂Peq(T )/∂Eeq(T ), where the equilibrium thermodynamic functions are given by Eqs. (6)
and (7), or Eqs. (8) and (9). In the classical limit,  → 0, the integrals (31) and (33)
become analytic. The appropriate formulas can be found in Ref. [1].
5. Results
5.1. Initial conditions
In this Section we present our results obtained for different quantum statistics.
We perform our numerical calculations for the fixed initial effective temperature,
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T0 = 300 MeV. The equilibration time τeq is kept constant, and equal to 0.5 fm/c.
The integral equation (26) is solved by the iterative method [34]. The initial time is
taken to be τ0 = 0.5 fm/c, and we continue the evolution until τ = 10.5 fm/c. The
degeneracy factor g0 is taken to be 16, however, its specific value is irrelevant for
our conclusions, since it either cancels in ratios we consider or appears as an overall
factor. The initial distribution function is assumed in the RS form (23) with the initial
anisotropy parameter ξ0 ∈ {0, 100}, corresponding to an initially isotropic or highly
oblate initial configuration, respectively. The transverse-momentum scale Λ0 is chosen
in such a way that the initial energy density of an anisotropic system coincides with the
energy density of an equilibrium system with temperature T0
T 40 H˜2
[
1,
m
T0
]
= Λ40 H˜2
[
1√
1 + ξ0
,
m
Λ0
]
, (35)
which is simply the Landau matching condition (26) at τ = τ0. We note that for fixed
T0 and ξ0, the value of Λ0 depends on m and, implicitly, on the statistics parameter .
In the present calculations we take m = 300 MeV.
5.2. Thermodynamics-like variables
In Fig. 1 we plot the effective temperature T , panels (a) and (b), and the corresponding
energy density, panels (c) and (d), both as functions of the proper time τ . In the left
column, panels (a) and (c), we show the results for the case where the initial system
is isotropic, while in the right column, panels (b) and (d), the initial system is highly
oblate. The dashed, solid, and dotted lines describe the results obtained for the Bose-
Einstein (B–E), Boltzmann (B), and Fermi-Dirac (F–D) statistics, respectively. The
results shown in Fig. 1 suggest that the inclusion of quantum statistics has little effect
on the time dependence of the effective temperature and the energy density.
In Fig. 2 we plot the longitudinal pressure, panels (a) and (b), and the transverse
pressure, panels (c) and (d), as functions of the proper time. Again, the left column
describes the case where the initial system is isotropic, while the right column describes
the case where the initial system is oblate. Similarly as in Fig. 1, we observe little
dependence of the two components of pressure on the quantum statistics of particles.
5.3. Shear and bulk viscosity
In Fig. 3 we show the time dependence of the shear viscosity calculated in two ways,
according to Eqs. (31) and (32). The results obtained from the exact solution of the
kinetic theory are shown as the solid lines, while the results based on the expression
(31) are represented by the dashed lines. The upper row, panels (a)–(c), shows the
results for the initial condition corresponding to the isotropic state, while the lower row,
panels (d)–(f), shows the results for the initial state which is highly oblate. The three
columns show our results for three different statistics; Bose-Einstein (B–E), Boltzmann
(B), and Fermi-Dirac (F–D), from left to right, respectively. The convergence of the
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Figure 2. (Color online) Thermodynamics-like variables: longitudinal and transverse
pressure for T0 = 300 MeV, τeq = 0.5 fm/c. Plots (a) and (c) correspond to the initial
isotropic system, (b) and (d) are for the initial anisotropic system.
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Figure 3. Time dependence of the shear viscosity calculated from Eqs. (31) and (32).
solid and dashed lines at late times, in all studied cases, means that the form of the
kinetic coefficient (31) is supported by the exact solutions of the kinetic equation we
have constructed in this work.
In Fig. 4 we show the time dependence of the bulk viscosity. Our results are
presented in the same way as in Fig. 3 — the exact results based on Eq. (34) are
represented by the solid lines, while the results obtained with Eq. (33) are shown as
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Figure 4. Same as Fig. 3 but for the bulk viscosity.
the dashed lines. Here again we find the agreement between the results based on
Eqs. (31) and (32) at late times, which confirms the validity of the formula for the
kinetic coefficient (33).
In order to compare the results obtained for different statistics in more detail, in
Fig. 5 we show the time dependence of the shear and bulk viscosity in the same plots.
In the two upper panels, (a) and (b), we show the results for the shear viscosity, while
in the two lower panels, (c) and (d), we show the bulk viscosity. In all the cases we
use the exact results based on (32) and (34). In the case of the shear viscosity we find
only small differences between the results obtained for different statistics. On the other
hand, in the case of the bulk viscosity, we find noticeable differences, especially, for the
systems which are initially isotropic. This suggests that quantum forms of the kinetic
coefficients should be used in the hydrodynamics calculations of higher orders than one,
which may try to reproduce the time behaviour of the bulk viscous pressure also at
earlier times.
6. Conclusions
We have presented the exact solution of the (0+1)-dimensional Boltzmann equation
for massive quantum gases. For typical initial conditions used in relativistic heavy-
ion collisions, we find that the effects of quantum statistics are very small for
thermodynamics-like quantities and shear viscosity. On the other hand, the quantum
statistics becomes important for description of the effects connected with the bulk
viscosity.
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Figure 5. Comparison of exact solutions for different quantum statistics.
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